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Abstract
We study the N = 2 field theory realized by D3-branes on the C2/Z2 orbifold.
The dual supergravity solution exhibits a repulson singularity cured by the enhançon
mechanism. By comparing the open and closed string descriptions of a probe
D-instanton, we can compute the exact non-perturbative profile of the supergravity
twisted field, which determines the supergravity background. We then show how
the non-trivial IR physics of the field theory translates into the stringy effects that
give rise to the enhançon mechanism and the associated excision procedure.
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1 Introduction
After the original proposal by Maldacena for a duality between N = 4 Yang-Mills theory
and type IIB superstrings on AdS5 × S5 [1], a lot of work focused on the construction of
string theory duals to more realistic field theories. One of the directions that proved most
fruitful consists in placing D3-branes on a singular Calabi-Yau threefold in order to break
supersymmetry down to N = 1. The simplest example, the conifold, was studied by Klebanov
and Witten in [2]. The low-energy dynamics of D3-branes on the conifold is described by
a conformal two-node quiver gauge theory, with gauge group SU(N) × SU(N). Adding M
fractional branes to this setup, one can engineer a theory with unequal ranks for the two
factors of the gauge group, which now have non-vanishing β-functions. The corresponding
supergravity dual was found by Klebanov and Strassler in [3]. A remarkable aspect of the
solution is that the Ramond-Ramond fluxes have a logarithmic dependence on the radial
coordinate, which corresponds in the field theory to a cascade of Seiberg dualities. A second
remarkable aspect is that the conifold gets deformed in the IR, corresponding to confinement
in the gauge theory dual.
From the field theory point of view, a close cousin of the conifold is the C2/Z2 orbifold:
the field theory corresponding to D3-branes on this orbifold is also a two-node quiver gauge
theory, which now preserves N = 2 supersymmetry. By giving appropriate mass terms to
the two adjoint chiral multiplets, one can make this theory flow to the Klebanov-Witten
one [2]. For equal ranks of the gauge groups, the theory is again conformal [4] and the
dual supergravity background is simply a Z2 orbifold of the five-sphere in the AdS5 × S5
solution [5]. Similarly to what is done in the N = 1 case, one can break conformality by taking
the ranks to be different; this again corresponds to adding M fractional D3-branes to the N
regular ones. The supergravity dual was found by [6, 7] following [8], and presents several
puzzling features. Firstly, like for its N = 1 counterpart, the logarithmic dependence of the
fluxes on the radial coordinate calls for a dual which is a cascading field theory. But Seiberg
duality is a purely N = 1 phenomenon, which complicated early attempts towards a field
theory interpretation [9–11]. Eventually, the authors of [12] put forward a consistent picture
for the mechanism responsible for the cascade in analogy with the baryonic root transition
of N = 2 SQCD [13]. However, the main puzzle is that the supergravity solution has a
singularity in the IR of the repulson type [14–16]: there is a region where a probe experiences
a repulsive force, which makes the solution unphysical. That the solution is singular could be
expected on general grounds: N = 2 theories do not confine and correspondingly there is no
N = 2-preserving deformation of the S5/Z2 space that could cure the singularity as happens
for the Klebanov-Strassler solution. The singularity must be resolved differently by string
theory and it was argued that in holographic duals to N = 2 theories, this happens through
the enhançon mechanism [17]. At a finite value of the radial coordinate, the enhançon radius,
the supergravity solution cannot be trusted anymore because some branes become tensionless,
providing new light degrees of freedom that are not described by supergravity and can possibly
be responsible for the resolution of the singularity. Drawing inspiration from the behavior of
roots of the Seiberg-Witten curve, the authors of [17] argue that, inside the enhançon radius,
the supergravity solution must be excised and replaced with a solution with constant fluxes,
similarly to what happens inside a conducting material in Maxwell theory. To the extent of
the authors’ knowledge, this excision procedure has never been justified in full generality from
a microscopic point of view, even if partial results have been obtained by focusing on limiting
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cases [18].
The present work aims to fill this gap. We compute directly from the field theory the
profile of the twisted supergravity field γ, which encodes the backreaction of the fractional
branes and completely determines the supergravity solution once the configuration of regular
branes is given. This computation will be done with arbitrary values for the gauge theory
couplings, which translates in the string theory dual to having arbitrary values for the string
coupling gs and the string length `s =
√
2piα′, and for any point on the Coulomb branch of
the theory. We will prove that the twisted supergravity field γ can be written in terms of field
theory data as
2pii γ(z) = 2pii γ(0) − β
∫ Tr(z)
1
dv√
(v2 − α21)(v2 − α22)
, (1.1)
where z is a complex coordinate on the orbifold fixed plane, γ(0) is the asymptotic value of
γ, Tr is a ratio of polynomials encoding the choice of Coulomb branch vacuum and αi, β are
specific coupling-dependent constants. All these quantities will be defined precisely in due
course. Choosing the particular vacua that have been studied from the supergravity side and
taking the large N limit of (1.1), we can then derive that an enhançon mechanism takes place
at a radius that perfectly matches the supergravity expectations: γ is constant inside this
radius, confirming the proposal of [17].
To make the proof of (1.1) possible, we draw on recent developments in two very different
research lines. The first of these is the use of D-brane probes to derive holographic string
theory backgrounds from the field theory side [19–26]. The general starting point of this
approach is a D-brane configuration that contains not only the large number of “background”
D-branes whose near-horizon geometry corresponds to the sought-for string theory dual, but
also a small number of D-branes that act as a probe. This system then contains, in addition
to the strings with both endpoints on the background branes, also strings with both ends on
the probe branes and strings with mixed boundary conditions. The crucial idea of [19] is to
integrate out the background/background and probe/background open strings, which yields an
effective action for the probe/probe open strings that can be interpreted as describing a probe
brane in the holographically dual closed-string background. By matching the specific action
one obtains in this way with the probe action in an arbitrary supergravity background, one
can then read-off the background. Like in [19, 21], we consider a setup where the background
branes are D3-branes and the probe is a small number of D-instantons (i.e. D(-1)-branes).
More specifically, the probe we will use is a single fractional D(-1)-brane. The open-string
realization of the D(-1)/D3 system in flat space is known explicitly for small α′ [27,28] and
can be straightforwardly generalized to the orbifold setting [29–31] by following the same
procedure as for D3-branes [4]. The action for D(-1)-branes in the presence of D3-branes (in
a “near-horizon” limit) has a purely field theoretic intepretation1 as the ADHM action for
supersymmetric instantons [33]. The D(-1)-brane couples to the D3-branes through moduli
that transform in an (anti-)fundamental representation of the four-dimensional gauge group
and one can always integrate them out exactly. However, the integration of the D3-brane
1In this paper, we will deal only with a fractional D(-1)-brane that sits on a quiver node also occupied by
D3-branes and can directly be interpreted as a gauge theory instanton. In the case where the node is occupied
by at most one D3-brane, that gauge group does not receive instanton corrections in field theory, and the
D(-1)-brane corresponds to a “stringy instanton”. Nevertheless, it turns out that also stringy instantons can be
given a gauge theory interpretation in a suitable UV completion [32].
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fields involves the computation of a full-fledged non-chiral correlator in the four-dimensional
gauge theory, which seems intractable in general. In the conformal case, this correlator turns
out to be trivial and one can recover the full supergravity background by matching the action
for several D(-1)-branes with the non-Abelian probe brane action of [34, 35]. This is also the
case for regular D3-branes on orbifold singularities whose field theory description is conformal.
One can then generalize the construction of [19], taking also the D(-1)-branes to be regular,
and recover the corresponding string theory duals [31]. Unfortunately, for the C2/Z2 orbifold
with fractional D3-branes which is the focus of the present paper, the theory is non-conformal
and one cannot reconstruct the full supergravity multiplet in this way. We circumvent this
difficulty by using a fractional D(-1)-brane as a probe instead of a regular one. This brane
couples only to the twisted sector at the orbifold singularity, which captures the essential
information on the background. Applying this procedure in this case yields the following
identity relating the twisted supergravity field γ to a field theory correlator,
γ(z) = γ(0) + i
pi
〈trM log (z − Z1)〉 − i
pi
〈trM log (z − Z0)〉 , (1.2)
where Z0 and Z1 are the adjoint scalars of the two gauge groups normalized to have units of
length. This identity was derived in [36] by computing string worldsheet diagrams, but we will
rederive it much more straightforwardly. The identity (1.2) also involves expectation values in
the full gauge theory on the D3-branes and one might think naively that not much has been
gained by focusing on the twisted sector. There is a crucial difference however between these
correlators and the correlator one is faced with in the untwisted sector: in (1.2), only the chiral
fields Z0 and Z1 enter. This gives us more control and allows us to compute them explicitly
by exploiting the impressive recent progress in the resummation of instanton corrections to
N = 2 quiver gauge theories [37,38].
The plan of the paper is as follows. In section 2, we review the supergravity background
corresponding to D3-branes on the C2/Z2 orbifold and explain the enhançon mechanism that
has been conjectured to cure the IR singularity. In section 3, we detail the microscopic model
we start with, consisting of N regular D3-branes, M fractional D3-branes of each type and one
fractional D(-1)-brane. In section 4, we derive equation (1.1) by building the effective action
for the D(-1)-brane and comparing it with the supergravity probe action. The computation
of the correlators in (1.2) is quite technical and we have chosen to present it separately in
appendix A. In section 5, we take the large N limit of this result, showing explicitly that the
enhançon mechanism takes place. Finally, we conclude in section 6 by giving some perspectives
on possible future work.
2 D3-branes on the C2/Z2 orbifold. A review
The C2/Z2 orbifold is a representative of a larger family, the ADE orbifolds. These are built
as C2/ΓADE, with ΓADE being a discrete subgroup of SU(2). The theories living on D3-branes
placed on these orbifolds are N = 2 superconformal quiver gauge theories. The Coulomb phase
of these theories is non-conformal, and can be engineered in the string picture by including
fractional D3-branes. The model we are interested in, with ΓADE = Z2, is also known as the
affine A1 quiver theory. In this section, we review what we have learnt about the workings of
the gauge/string duality in this example. Most of what we say can be found in [12], where
this model was thoroughly studied.
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2.1 A supergravity perspective
Our setup is made up of a large number of parallel N regular and 2M fractional D3-branes
in2 R4 × C × C2/Z2. We use coordinates
(
xµ, z, z2, z3
)
for this space, and the Z2 acts as(
z2, z3
) → (−z2,−z3). The regular branes can probe the full transverse space C × C2/Z2,
while the fractional branes are constrained to live at the orbifold singularity, which is the
complex z-plane at the origin of C2 in this case. There are two types of fractional branes,
which we will denote as type 0 and type 1, and we will consider M branes of the first type,
and M of the second type. A regular brane can be thought of as a bound state of a type 0 and
a type 1 fractional brane. For some purposes, it is useful to think of the fractional D3-branes
as wrapped D5-branes. Recall that the orbifold C2/Z2 can be seen as the singular limit of a
smooth ALE manifold (in our case it is the Eguchi-Hanson space [39]) where a homologically
non-trivial 2-cycle Σ collapses. The type 1 and type 0 fractional D3-branes correspond to
D5-branes wrapped on Σ and −Σ respectively, stabilized by certain background fluxes.
The presence of fractional branes induces the excitation of some of the twisted modes of
type IIB string theory. Thinking of the fractional D3-branes as wrapped D5-branes, it is easy
to understand that the reduction of the potentials C2 and B2 on the exceptional cycle Σ will
give rise to non-zero twisted scalars c and b. These two fields can only depend on z, z¯, as the
fractional D3-branes can only probe this plane, and are conveniently combined to form the
complex field:
γ = c+
(
C0 + i e−Φ
)
b = 12pi`2s
∫
Σ
(
C2 +
i
gs
B2
)
, (2.1)
to which we will generically refer as the twisted supergravity field. In writing the last equality
we have taken into account that the axio-dilaton is constant, C0 + i e−Φ = igs , since it does not
couple to D3-branes. Such branes do source a C4 potential, and of course backreact on the
metric. Instead of writing the expression for all these fields, which can be found for instance
in [6], the point we want to emphasize here is that the full type IIB background follows3
once the twisted supergravity field γ is known. Because of N = 2 supersymmetry, γ depends
holomorphically on z, i.e. ∂z¯γ = 0.
The profile of the twisted supergravity field is in turn solely determined by the positions of
the fractional D3-branes. This follows from its equation of motion, that can be derived from
the type IIB supergravity action taking into account the twisted supergravity supermultiplet
and the fractional D-brane sources:
∆γ = 2i
M∑
j=1
(
δ2(z − zj)− δ2(z − z˜j)
)
, (2.2)
where the fractional branes of type 1 sit at positions zj , and those of type 0 sit at z˜j . Notice
that the profile of γ is only sensitive to genuine fractional D3-branes: if zi = z˜j for some
pair (i, j), these two fractional branes form a regular D3-brane and do not source γ anymore,
in agreement with the fact that γ does not couple to regular branes. It is easy to solve the
2As we will later deal with instantons, it is more convenient to rotate to Euclidean signature from the start.
3Essentially the metric and the RR potential C4 are determined by a warp factor H(z, z1, z2), which is
determined itself by solving a Poisson equation sourced by the the regular and the fractional D3-branes. The
contribution of the latter comes with a |∂zγ|2 factor. The position of the former must be specified as the only
extra input.
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two-dimensional Laplace equation (2.2) to obtain:
γ = i
pi
 M∑
j=1
log(z − zj)−
M∑
j=1
log(z − z˜j)
+ γ(0) . (2.3)
The value of γ(0) is clearly the asymptotic value, as z →∞, of γ. There is a preferred value of
b and c for perturbative string theory: if we choose γ(0) = i2gs ⇔ limz→∞(c, b) = (0, 12), the
world-sheet propagating on this orbifold is a free CFT [40,41]. We will see shortly that this
value is also special from the field theory point of view, and we will often make this choice for
simplicity.
The take-home message is then that the supergravity background is determined by the
way in which we distribute the fractional D3-branes in the geometry, and this information is
encoded in the twisted field γ. The distribution of branes is naturally related to the different
vacua of the dual gauge theory, as we now explain.
2.2 A field theory perspective
When we look at our brane system from far away, that is at large |z|, we essentially see a stack
of N +M regular D3-branes on the Z2 orbifold, since the fact that the positions of type 0 and
type 1 fractional are a priori different becomes irrelevant. We effectively obtain a theory with
only N +M regular branes. The field theory dual to this setup is well-known [5]. It is the
N = 2 superconformal quiver theory with gauge group SU(N + M)0 × SU(N + M)1. This
theory has a rich moduli space of vacua, with both Coulomb and Higgs branches. The Higgs
branch corresponds to giving vevs to the bifundamentals of the quiver. As is well known, the
field theory on the Higgs branch is not very interesting, since both the superpotential and the
Kähler potential are not renormalized [13]. In the brane picture, (the mesonic part of) this
branch has a nice geometrical interpretation: it corresponds to the possible configurations
of regular D3-branes occupying certain positions in the transverse space C× C2/Z2. Notice
that in the covering space C× C2, the branes have to be arranged in pairs of orbifold images
(z,±z2,±z3). Another possibility is to have some D3-branes at the origin of C2 which maps
to the orbifold singularity of C× C2/Z2. Those D3-branes do not need to be paired and can
have arbitrary positions along the C plane with coordinate z; those are fractional branes. The
different configurations for fractional branes correspond in the field theory to the Coulomb
branch, obtained by giving expectation values to the two adjoint fields. Denoting these fields
by ϕ0, ϕ1 (see figure 1), at the perturbative level we can identify their respective non-zero
eigenvalues with the z˜j , zj of (2.2). There are also mixed branches, where both bifundamentals
and adjoints acquire vevs.
We are interested in the IR physics of the Coulomb branch. More precisely we will be
mainly concerned with the point that was dubbed “enhançon vacuum” in [12]. It is classically
defined by ϕ0 havingM prescribed non-zero eigenvalues, or equivalently by havingM fractional
branes of type 0 sitting at the roots of z˜Mj = −zM0 , where |z0| is an arbitrary UV scale. Below
this scale, we are left with an effective theory describing N regular branes plus M fractional
branes of type 1 sitting at z = 0. The gauge group is Higgsed down to SU(N)0×SU(N +M)1
if we take into account that all the U(1) factors are IR free and decouple. Such an effective
theory is not conformal, as reflected by the running of γ in equation (2.3), which for this
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vacuum reads
γ = i
pi
log z
M
zM + zM0
+ i2gs
 
large M
γ ≈

iM
pi log
z
z0 e
− pi2gsM
if |z| < |z0|
i
2gs if |z| > |z0|
(2.4)
In order for the classical supergravity solution that follows from (2.4) to be a good description
of the gauge theory, one should require as usual that N andM be large. Using the complexified
gauge couplings τa = ϑa2pi +
4pi i
g2a
for the two SU(N + M)a factors, the holographic relations
between the gauge couplings and the supergravity fields read
τ0 + τ1 =
i
gs
, τ1 = γ . (2.5)
The first relation is the standard holographic dictionary applied to the diagonal SU(N +M)
gauge group; the second one can be shown by a fractional probe brane analysis [6]. This
implies the following relation between the bare gauge couplings and the asymptotic values of
the dilaton and γ:
8pigs = g2a , λa = (N +M)g2a = 8pigs(N +M) , (2.6)
defining the ’t Hooft couplings λa. In particular, we see that g0 = g1, which can be traced back
to the fact that we have chosen the special asymptotic value i2gs for the twisted supergravity
field γ. Notice that the relations (2.5) are not restricted to z → ∞. Indeed the second one
provides an exact match between the supergravity running of γ and the perturbative running
of the gauge couplings (which is exhausted at one-loop).
Strictly speaking, the supergravity description is a faithful one for small gs, large N and
M so that gs(N + M)  1. We take gs(N + M) to be a large, but finite, number. Since
below |z0| the gauge couplings run in opposite directions, at a certain scale, one of the gauge
couplings blows up. The supergravity approximation breaks down there, the second relation
in (2.5) no longer holds, and a stringy resolution is needed. There are several ways to proceed,
related to different non-perturbative completions of the same perturbative physics. Let us
discuss this in a bit more detail below.
2.3 Non-perturbative physics and the enhançon
With the amount of supersymmetry that we have, the perturbative series for correlation
functions of protected operators in the field theory truncate at one loop. Any other quantum
correction must come from instantons, i.e. with a pre-factor e−l/g2a (l being a positive number).
At large N,M and fixed ’t Hooft coupling, g2a ∼ 1/(N + M) → 0 and these corrections are
exponentially suppressed. This is why supergravity outside the enhançon matches exactly
the one-loop field theory, although they are expected to be valid in opposite regimes of λa.
Nevertheless, it is known that non-perturbative corrections can still contribute in the ’t Hooft
limit [42], as will occur in our model. Such corrections are proportional to e−l/λa , which does
not have to be small.
Let us now follow the holographic RG flow of our theory from equation (2.4), assuming that
both N and M are large. We have a conformal theory above the scale |z0|. Below this scale, γ
starts to run, inducing a running of the couplings. Recall from (2.1) that the imaginary part
of γ gives us the gauge coupling 1/g21 in field theory and the scalar b in supergravity. This
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scalar should be in the range [0, 1] in order to have a proper field theory interpretation with
positive g21, g20. When we reach the scale
ρ1 = |z0| e−
pi
2gsM , (2.7)
γ vanishes, and so does b. At this point, from equation (2.5), we see that λ1 diverges. Past this
point, we can no longer trust the supergravity solution (2.4). A way to think about it is that
probe fractional branes become tensionless at ρ1 (the tension of such branes is proportional
to b). Potentially, a whole fauna of stringy phenomena, not captured by the supergravity
approximation, could arise.
Nothing dramatic happens for the supergravity solution at ρ1 though, so one could think
of pushing the gauge/string duality and come up with a possible field-theoretic interpretation
below this scale. This is what the authors in [12] did. They proposed an interpretation of
the solution for |z| < ρ1 à la Klebanov-Strassler: we must perform a Higgsing in the field
theory, interpreted as a large gauge transformation in the supergravity background4 [43]. This
Higgsing is a strong coupling effect: it arises at a scale ∼ e−l/λa where a gauge coupling blows
up. The non-trivial field theory vacuum responsible for the Higgsing is very similar to the
baryonic root in N = 2 SQCD [13], it has hence been called a baryonic root transition. The
rank of the gauge group with diverging coupling is reduced by 2M and the beta functions
flip sign. The large gauge transformation shifts the twisted field of (2.4) in this region as
γ → γ + igs . If we keep going down the flow, we will hit another point where g0 diverges, and
the same operation must be performed on the other gauge group. This can happen multiple
times: we say that the theory cascades. Apart from the fact that here the Higgsings are not
associated to Seiberg dualites since we have N = 2 supersymmetry, there is a fundamental
difference with the Klebanov-Strassler case. In the latter, at the end of the cascade, the theory
confines (its dual counterpart is the deformation of the conifold). However, our N = 2 model
is not confining. A different, but very interesting, phenomenon occurs. It has come to be
known as the enhançon, as originally named in [17]. Let us discuss it from both sides of the
gauge/string duality.
From the supergravity point of view, we find that the background presents a singularity
(where the metric blows up) of a peculiar type: a repulson [14–16]. Close to it, there is a
region of “anti-gravity”, characterized by a positive sign of ∂|z|g00. From the warp factor of
the supergravity solution, one can find that this anti-gravity region starts at around the scale
ρe = e
− piN
gsM2 ρ1 . (2.8)
Probe branes feel a repulsive potential below ρe, and cannot enter this region. This is supported
by a computation of the D3-brane Page charge, which gives [12]:∫
(F5 +B2 ∧ F3) ∝
(
N +M
[
gsM
pi
log |z|
ρ1
])
, (2.9)
where were are denoting by [·] the floor function. This shows that inside the region of radius
ρe there is an unphysical negative D3 charge. Even if we want to believe in the supergravity
4Notice that a large gauge transformation is not a gauge transformation. With it, we are changing the
vacuum in the underlying field theory. The fact that we have to perform this operation is not encoded in the
supergravity background, but it must be done by hand instead.
8
solution below the scale ρ1, we can only trust it down to the smaller scale ρe. The latter is the
enhançon scale. The standard lore in supergravity is that the M fractional branes that were
supposed to be at the origin expanded to form a dense ring at the enhançon scale. Since inside
this ring no branes are left, we should solve (2.2) again with this assumption. This obviously
yields a constant γ in this region. This correction by hand of γ is commonly known as the
excision procedure. Notice that since it is done manually, we could have chosen to perform
the excision procedure already at the scale ρ1, or any other scale in between where one of the
gauge couplings diverges. Different choices of where to perform the excision correspond to
different choices of vacua (which only differ non-perturbatively) in the field theory. Following
the terminology of [12], excising at ρ1 (ρe) corresponds to the enhançon (cascading) vacuum.
There is a field-theoretical phenomenon that takes place in the large N limit of N = 2
gauge theories, which resembles very much the repulson singularity we just described. It was
first noticed in [17] and is called enhançon mechanism for historical reasons (having to do with
enhanced symmetries). Take for example N = 2 SQCD with gauge group SU(N). The IR
physics is controlled by the Seiberg-Witten (SW) curve
y2 =
N∏
k=1
(x− ϕk)2 + 4Λ2N , (2.10)
where Λ is the strong coupling scale, and the ϕk parameterize a point in the moduli space. At
large N , for points with |ϕk|  Λ, the branch cuts of y(x) are very small and they are located
near the classical values x = ϕk. On the contrary, when |ϕk|/Λ→ 0, the branch cuts become
longer and remain at a finite distance from the origin of the x-plane. They pile up at a ring of
radius 2 1N Λ. If we consider the configuration
y2 = x2N−2(x− ϕ) + 4Λ2N , (2.11)
that corresponds to a breaking SU(N) → SU(N − 1) × U(1), and we track the two branch
points associated to ϕ, we see that for |ϕ|  Λ, they are close together and around x = ϕ.
When |ϕ| approaches Λ, the branch points separate from each other, and melt into the ring of
quantum roots. The branch points can never penetrate inside this ring. Associating branch
cuts with branes, clearly this resembles the enhançon phenomenon found in supergravity.
However, to our knowledge, the connection between the SW curve physics and the enhançon
mechanism has never been established in the literature in a completely top-down approach.
This is of course a difficult problem, since its solution would involve computing non-perturbative
corrections to the supergravity background. Two important steps forward in this direction have
been taken, first by Cremonesi in [18], and more recently by the authors of [36] (see also [44]).
The former cleverly used the M-theory uplift of a brane configuration [45] corresponding
to pure N = 2 Yang-Mills to obtain the non-perturbative corrections to the γ profile. The
latter computed directly the corrections to the background by including D(-1) branes in the
configuration and resumming the string disc diagrams with any number of D(-1)-branes. They
found a very compact expression for the (non-perturbatively) corrected profile of γ,
γ = γ(0) + i
pi
〈
trM log
z − `−2s ϕ1
µ
〉
− i
pi
〈
trM log
z − `−2s ϕ0
µ
〉
, (2.12)
in terms of correlators of the quiver field theory. We will later arrive to this result in a simpler
way without computing any string diagrams. Moreover we will be able to evaluate explicitly
these correlators.
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Our goal is to to unravel the whole picture that we have described hitherto from a purely
microscopic description.
3 The microscopic model
In this section we detail the affine A1 quiver theory governing the brane configuration on the
C2/Z2 orbifold, paying special attention to the instanton sector that will be instrumental later
on. While the presentation we give makes use of string theory and D-branes, this is in no way
necessary, as both the D3 and the D(-1)-branes’ dynamics (in the “near-horizon” limit) can be
described in field theory terms by gauge theories and instantons respectively.
3.1 The four-dimensional gauge theory
The field theory describing the dynamics (in the `s → 0 field theory limit) of N +M D3-branes
of type 0 and N +M D3-branes of type 1 is a four-dimensional superconformal N = 2 gauge
theory with gauge group U(N + M)0 × U(N + M)1 [4]. Let us briefly recall how this field
theory arises.
As is well known, N + M D3-branes in flat space are described in field theory by the
U(N +M) N = 4 supersymmetric Yang-Mills theory. In terms of N = 1 multiplets, the field
content of this theory is one vector multiplet and three chiral multiplets ΦI = (Φ1,Φ2,Φ3)
transforming in the adjoint representation of the gauge group. The superpotential of this
model is given by
WN=4 = tr Φ1[Φ2,Φ3] , (3.1)
using the same notation for a chiral superfield and the complex scalar which is its lowest
component. In the D-brane picture, these three complex scalars describe the fluctuations of
the D3-branes in the six transverse directions, which can be paired to form the C3 space.
We now want to replace this smooth transverse space by the C× C2/Z2 orbifold. To this
end, we let Z2 act on C3 in the following way,
g · (z1, z2, z3) = (z1,−z2,−z3) (3.2)
where g is the non-trivial element of Z2. This yields the C × C2/Z2 orbifold by identifying
all points of C3 with their image under (3.2). The first coordinate is fixed under the orbifold
action, hence the orbifold singularity is a complex plane C (times the Euclidean space-time
R4). This plane will play an important role in the rest of the paper, and we will often write
z = z1 for conciseness. To obtain the action of the orbifold on the fields, we also need to take
into account the transformation of the endpoints of the open strings stretched between the
D3-branes. It turns out [4] that one needs to start with a gauge group whose rank is now
twice the number of D3-branes (to take into account the orbifold images). The element g of
Z2 is then represented on the Chan-Paton factors by the following matrix,
RN+M (g) =
(
IN+M 0
0 −IN+M
)
. (3.3)
This matrix corresponds to N +M copies of the regular representation of Z2. Choosing this
specific representation of Z2 corresponds to having (in the UV) N + M regular D3-branes,
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i.e. a pair of images under Z2, which are then free to move in the full transverse space. The
orbifold action on the superfields ΦI is then given by conjugation by RN+M combined with
(3.2),
ΦI → RN+M (g)g · ΦIRN+M (g) . (3.4)
The modes that survive the orbifold projection are those which are invariant under (3.4),
Φ1 =
(
ϕ0 0
0 ϕ1
)
, Φ2 =
(
0 ϕ201
ϕ210 0
)
, Φ3 =
(
0 ϕ301
ϕ310 0
)
. (3.5)
This projection also has the effect of breaking the gauge group U(2(N +M))→ U(N +M)×
U(N +M) as well as supersymmetry from N = 4 to N = 2. In terms of U(N +M)0 ×U(N +
M)1 representations, one gets from (3.5) one adjoint field for each U(N + M) factor, two
bifundamental fields in the ((N+M)0, (N+M)1) as well as two bifundamental fields in the
complex conjugate representation.
Plugging (3.5) back into the superpotential (3.1) of N = 4 yields the superpotential of the
model we will work with,
WC2/Z2 = tr
[
ϕ0
(
ϕ201ϕ
3
10 − ϕ301ϕ210
)
+ ϕ1
(
ϕ210ϕ
3
01 − ϕ310ϕ201
)]
. (3.6)
The classical moduli space of vacuaMcl is given by the critical points of the superpotential up
to (complexified) gauge equivalence,Mcl = {dW = 0}/(U(N +M)0 ×U(N +M)1)C. We will
be interested in the Coulomb branch, corresponding to giving vevs only to the adjoint fields
ϕ0 and ϕ1. Classically, one can choose a gauge in which the adjoint fields are diagonal. A
point on the Coulomb branch is then parameterized by the expectation value of their diagonal
matrix elements,
〈ϕ0〉 = `−2s diag(z˜1, . . . , z˜N+M ) , 〈ϕ1〉 = `−2s diag(z1, . . . , zN+M ) , (3.7)
where we have written the matrix elements in terms of quantities having dimension of length
in order to interpret them as D3-brane positions, and we need to identify two configurations
differing by a permutation of eigenvalues. The D-brane interpretation of this vacuum configu-
ration is the following. As we have discussed, the Φ1 coordinate corresponds to fluctuations of
the D3-branes along the C direction that is invariant under the orbifold action (3.2). Once we
orbifold, (3.5) suggests that we now describe the positions of two different stacks of D3-branes
along the C direction. This is indeed the case: ϕ0 and ϕ1 describe the fluctuations of fractional
branes of type 0 and 1 respectively along the orbifold fixed locus. Being free to choose (3.7)
arbitrarily then means that one can choose the position of the two types of fractional branes
independently. If the expectation values are completely generic, that is if no zi coincides with
any z˜j , the expectation values of the other fields have to vanish onMcl and the fractional
branes are stuck at the orbifold fixed locus. When the positions of two branes of different type
coincide, say z1 = z˜1, one can see that a new branch of the classical moduli space opens up, the
(1, 1) matrix element of the bifundamental fields are not required to vanish. This corresponds
to two fractional branes of different type forming a regular brane bound state. This regular
brane is then free to move away from the orbifold singularity. Since we want a configuration
of N regular branes and M fractional branes of each type, we need to have exactly N pairs of
eigenvalues of the two types coincide. The vacuum that we want to consider, the enhançon
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vacuum, is further specified by the requirement of ZM rotational symmetry and dependence
on a single scale |z0|,
〈ϕ0〉 = `−2s diag(0, . . . , 0︸ ︷︷ ︸
N times
, z0 ω, z0 ω
2, . . . , z0 ω
M ) , 〈ϕ1〉 = 0 , (3.8)
where ω is an M -th root of −1, ωM = −1.
At the quantum level, the zi and z˜j as defined by (3.7) are not globally well-defined
coordinates on the moduli space. Instead, we need to use a set of independent gauge-invariant
observables as coordinates of the Coulomb branch. Rather than specifying those directly, we
can instead encode the Coulomb branch vacuum in a ratio of two polynomials of degree M ,
Tr(z) = T0(z)/T1(z), where
T0(z) =
M+N∏
i=1
(z − z˜i) , T1(z) =
M+N∏
j=1
(z − zj) . (3.9)
Note that these zi and z˜j do not coincide with the ones in (3.8) in the quantum theory; they
only agree perturbatively. Instead, they are given by vevs of gauge invariant operators built
from traces of ϕ0 and ϕ1. From now on, we will assume that they are defined by (3.9) instead
of (3.8). Imposing the same constraints as on (3.8) now requires [12]
T0(z) = zN (zM + zM0 ) , T1(z) = zN+M . (3.10)
3.2 Adding a D(-1)-brane probe
Our goal is to derive the full non-perturbative profile of the twisted supergravity γ from field
theory data. By (2.5), at the perturbative level, γ is related to the gauge coupling of one of
the two U(N +M) gauge groups. However, it is not so clear how to extend this relation to the
non-perturbative level, since one needs to choose a regularization scheme to define a coupling
and it is not clear a priori which scheme is appropriate for the holographic interpretation
of γ as a twisted supergravity field. A way out of this problem is to relate instead γ to an
observable in the field theory. This observable will turn out to be intimately related to the
effective action for a probe fractional D(-1)-brane, which we are going to construct from a
D(-1)/D3-brane system along the lines of [19].
We enrich the set-up of D3-branes on the C2/Z2 orbifold that we discussed previously
by adding a single fractional D(-1)-brane of type 1. The combined system is described by a
partition function of the schematic form
Z =
∫
dµD3dµD(-1)e−SD3−SD(-1) . (3.11)
In addition to the functional integration over the D3-brane fields weighted by the four-
dimensional gauge theory action SD3 discussed above, there is now also an (ordinary) integral
over the fractional D(-1)-brane moduli, with an action SD(-1) that we now detail. This action
describes the low-energy dynamics of the -1/-1 strings starting and ending on the D(-1)-
brane and the -1/3 strings with one endpoint on the D(-1) and the other on a D3-brane as
well as their couplings to the D3-brane fields. The -1/-1 strings are uncharged under the
U(N +M)0 ×U(N +M)1 gauge group, whereas the 3/-1 strings with their endpoint on the
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1N +M
Type 1
N +M
Type 0
ϕ0
φ1
ϕ1
(q˜α, χ˜0, χ˜1)
(qα, χ0, χ1)
(ϕ210, ϕ310) (ϕ201, ϕ301)
(χ˜2, χ˜3)
(χ2, χ3)
Figure 1: The quiver of the C2/Z2 orbifold with the UV brane configuration that we consider:
N + M D3-branes of each type corresponding to a U(N + M)0 × U(N + M)1 gauge group
and 1 D(-1)-brane of type 1.
D3-branes of either type transform in a fundamental representation of the corresponding
U(N +M) gauge group and have charge −1 under the D(-1)-brane U(1) gauge group.
The action SD(-1) can be derived by a procedure similar to the one we followed for the
four-dimensional gauge theory. One starts with the action describing the D(-1)/D3 system
in flat space [27, 28] and one also embeds the Z2 orbifold group in the U(1) D(-1)-brane
gauge group. Since we are dealing with a fractional D(-1)-brane of type 1, the appropriate
representation to take is not the regular representation as in (3.3), but rather the non-trivial
irreducible representation, R1(g) = −1 ∈ U(1). One then needs to truncate the moduli to
the modes invariant under the orbifold action, which has a form similar to (3.4) but with one
(both) RN+M representation(s) replaced by R1 for -1/3 strings (-1/-1 strings), as required by
the U(N +M)0 ×U(N +M)1 ×U(1) representation to which they belong. The various fields
and moduli surviving the orbifold projection, and hence present in this brane configuration,
are summarized in the quiver diagram of figure 1. The modulus φ1 is a complex number that
plays the role of position of the fractional D(-1)-brane on the orbifold fixed plane C. For
dimensional reasons, we will rather work with the modulus z, related to φ1 by a rescaling,
z = `2s φ1 . (3.12)
The -1/3 strings with their endpoints on the D3-branes of type 1 provide an SU(2) doublet of
bosonic moduli qα and their two fermionic superpartners χ0 and χ1, all in the anti-fundamental
representation of U(N +M)1. Similarly, the 3/-1 strings provide the complex conjugate moduli
(q˜α, χ˜0, χ˜1) in the fundamental of U(N + M)1. On the other hand, the strings stretched
between the D(-1)-brane and the D3-branes of type 0 only provide fermionic moduli, (χ2, χ3)
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and (χ˜2, χ˜3), which are charged under U(N +M)0. The action SD(-1) reads
SD(-1) = −2piiτ1 +
1
4 tr
{
(q˜αφ†1 − ϕ†1q˜α)(φ1qα − qαϕ1) + (q˜αφ1 − ϕ1q˜α)(φ†1qα − qαϕ†1)
}
+12 tr
{
−(χ˜1φ†1 − ϕ†1χ˜1)χ0 + χ˜0(φ†1χ1 − χ1ϕ†1) + χ˜3(φ1χ2 + χ2ϕ0)− χ˜2(φ1χ3 + χ3ϕ0)
}
+· · · .
(3.13)
In this expression, we have already taken the ADHM/near-horizon limit [19, 28] and also
dropped the terms involving the bifundamental fields since all their expectation values vanish
on the Coulomb branch. The fermionic neutral moduli ψ (the superpartners of φ1) have not
been written down explicitly either, since we are going to set them to 0 anyway in the following.
The first constant term on the rhs needs to be added in order to reproduce the instanton
factor e2piiτ1 .
Let us comment on a subtlety concerning the gauge group of the theory in the near-horizon
limit. In this section, we have assumed it to be U(N + M)0 × U(N + M)1 × U(1), but
the holographic dual describes only a SU(N +M)× SU(N +M) theory. Indeed, the three
commuting U(1) factors of the U(N +M)0 ×U(N +M)1 ×U(1) gauge group decouple. The
diagonal U(1) of the three gauge groups describes the movement of the full D(-1)/D3 system
in the C-plane and, by translational invariance, no fields are charged under it. The relative
U(1) between the D(-1) and D3 gauge groups decouples since we will integrate out all the
fields that are charged under it. Finally, the anti-diagonal U(1)B between the U(N +M)0 and
U(N +M)1 groups is IR free and becomes a global baryonic symmetry.
The relevant global symmetry group of our field-theoretic model will then be SU(2)R ×
SU(2)F ×U(1)A×U(1)B. The last factor emerges from the near-horizon limit as we explained,
and the other three can be seen to be the commuting subgroups of the parent SU(4)R that
survive the orbifolding. Geometrically, both SU(2)R and SU(2)F correspond to rotations in
C2/Z2 (the latter acts holomorphically on C2, contrarily to the former), while the U(1)A
rotates the C factor.
4 The twisted supergravity field
Our system of background fractional D3-branes plus a probe D(-1)-brane is described by the
microscopic model we spelled out in the previous section. This model is governed by an action
of the form SD3 + SD(-1), where SD3 is an N = 2 action with superpotential (3.6) and SD(-1) is
written in (3.13). We are interested in obtaining the effective action SD(-1),eff for the probe in
the holographic background, in the spirit of [19]:∫
dµD3dµD(-1) e−SD3−SD(-1) =
∫
dzdz¯dψ e−SD(-1),eff , (4.1)
where z is the modulus defined in (3.12) and ψ is its fermionic superpartner. On the rhs we
are interested only in the bosonic part of the effective action, hence we can safely set ψ = 0
as anticipated in (3.13). The bosonic part of SD(-1),eff is equal to the twisted supergravity
field γ, up to numerical factors. One way to see this is by thinking of the fractional probe
D(-1)-brane as a D1-brane wrapped on the exceptional cycle Σ. For zero world-sheet gauge
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field, the Euclidean action of such an object is:
1
`2s
(∫
Σ
d2ξ e−Φ
√
det [P (G+B2)]− i
∫
Σ
P (C0B2 + C2)
)
= − i
`2s
∫
Σ
(
C2 +
(
C0 + i e−Φ
)
B2
)
.
(4.2)
Clearly, combining with the definition in (2.1), we can write:
SD(-1),eff = −2pii γ . (4.3)
We take the relation (4.3) as defining the twisted supergravity field outside the supergravity
regime. The first step to compute (4.1) is to integrate out the fields that correspond to the
degrees of freedom of the D(-1)-D3 strings. In general this is done using large N vector-model
techniques (see [21–23] for examples and [25] for a more general philosophy). In our case the
integration can be done very simply since the action (3.13) is quadratic in the moduli to be
integrated out: qα, q˜α, χ0, χ1, χ2, χ3, χ˜0, χ˜1, χ˜2, χ˜3. Taking into account that the moduli with
(without) a tilde are (N +M)× 1 (1× (N +M)) matrices, ϕ1 and ϕ†1 are adjoint fields with
(N +M)× (N +M) components and φ, φ† are C-number moduli, we can write the quadratic
part of the action as
SD(-1) ⊃
1
2
(
qαiB
i
j q˜
αj + χAFAB χ˜B
)
, (4.4)
where α = 1, 2; i, j go from 1 to N +M and A,B go from 1 to 4(N +M) because we have
grouped the fermions as
χ =
(
χ01, . . . , χ
0
N+M , χ
1
1, . . . , χ
2
1, . . . , χ
3
1, . . . , χ
3
N+M
)
, χ˜ =
(
χ˜01, . . . , χ˜3N+M
)T
. (4.5)
The matrices B and F can be read from (3.13):
Bij =
1
2
(
ϕ1
i
kϕ
†
1
k
j + ϕ
†
1
i
kϕ1
k
j
)
+ φ†1φ1δij − φ†1ϕ1ij − ϕ†
i
jφ1 , (4.6)
F =

0 φ†11− ϕ†1 0 0
−φ†11+ ϕ†1 0 0 0
0 0 0 −φ11+ ϕ0
0 0 φ11− ϕ0 0
 , (4.7)
where we have written F in (N +M)× (N +M) blocks and 1 represents the identity in each
of these blocks. We notice that we can represent B in matrix form as
B = (φ11− ϕ1)
(
φ†11− ϕ†1
)
+ [ϕ1, ϕ†1] . (4.8)
As we did for the bifundamental fields, we can drop the last term [ϕ1, ϕ†1] in (4.8) because it
vanishes inside all correlators by the D-flatness condition for the gauge group SU(N +M)1
(with bifundamentals set to zero). The result of the integration of the q and χ moduli will be
given by the ratio detF/ detB2 of the determinants of F and B (squared, because of the two
indices of qα and q˜α), which we can readily compute:
det (B)2 = det (φ11− ϕ1)2 det
(
φ†11− ϕ†1
)2
, (4.9)
det (F ) = det (φ11− ϕ0)2 det
(
φ†11− ϕ†1
)2
. (4.10)
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Notice that when taking the quotient the dependence of the resulting expression on the D3
fields will be holomorphic, because the factors with φ†11 − ϕ†1 cancel between the bosonic
and fermionic determinants. This will be key to performing the functional integral over the
four-dimensional degrees of freedom. From (4.1), taking into account also the first term in
(3.13), we can write the integral to be performed as:∫
dµD3dµD(-1)
det (φ11− ϕ0)2
det (φ11− ϕ1)2
e2piiτ1−SD3 =
∫
dφ1dφ¯1dψ e2piiτ1
〈
det (φ11− ϕ0)2
det (φ11− ϕ1)2
〉
D3
.
(4.11)
If we use the identification (3.12) and we also rescale the fields ϕi → Zi = `2sϕi, we can write
the following expression for γ in terms of correlators in the quiver gauge theory:
e2pii γ = e2piiτ1
〈
det (z − Z0)2
det (z − Z1)2
〉
= e2piiτ1 〈det (z − Z0)〉
2
〈det (z − Z1)〉2
, (4.12)
where we have used chiral factorization in the second equality, and we drop the explict 1 from
now on. This is a beautiful formula illustrating the emergence phenomenon, showing how the
profile of the twisted supergravity field emerges from a “microscopic” quantity. What is even
more striking is the fact that we can compute these chiral correlators exactly. This is possible
thanks to the recent remarkable works [37,38], that extended the Seiberg-Witten technology
to N = 2 quivers.
Before writing the exact expression for the correlators, let us make contact with the formula
(2.12) obtained non-perturbatively by string theory techniques [36]. The computation of the
(N +M)× (N +M) determinants of operators in (4.12) entails a regularization scheme. The
natural way to define them is via the Fredholm determinant:
det (z − Z) = exp [tr log (z − Z)] . (4.13)
In this formula, both the exponential and the logarithm are to be understood as defined by their
Taylor series. When we act with a vev on the lhs of (4.13), because of chiral factorization,
on the rhs we can act with the vev directly in the argument of the exponential. So more
explicitly for the case that concerns us, we write
〈det (z − Za)〉2 = exp [2 〈tr log (z − Za)〉] . (4.14)
Using (4.14) in (4.12), plus the fact that γ(0) equals the bare coupling τ1, we easily recover
(2.12).
This was to be expected, but the reader might be befuddled by the following puzzling
aspect: the computation of the twisted supergravity profile in [36], leading to (2.12), involves
resumming a series of string amplitudes encoding the interaction among D3 and D(-1) branes.
We are instead performing a simple Gaussian integration to arrive at the result. The authors
of [36] essentially follow the opposite approach to ours. They want to obtain non-perturbative
corrections to the γ-profile (2.3) by adding k fractional D(-1)-branes to the D3-brane set-up
(yielding a U(k) non-Abelian generalization of (3.13)) and integrating them out. On the one
hand, these branes couple to γ. On the other hand, they can be interpreted as gauge theory
instantons, relating in this way instanton corrections in gauge theory to corrections to the
γ-profile. Resumming the contributions for all values of k then yields (2.12). On the contrary,
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v−α2 α2−α1 α1 1
Tr(z) C(z)
C1
Figure 2: The data specifying the integral (4.18) on the Riemann sphere C ∪ {∞} with
coordinate v. The integrand has two branch cuts: between −α1 and α1 and between −α2 and
α2 through ∞. The ambiguity in the choice of C(z) is characterized by the integral (4.19)
along C1.
our approach is to keep the D(-1)-brane and integrate out the D3-branes, yielding immediately
the full gauge-theory correlator in (4.11) with no need to make explicit nor resum the instanton
series that contributes to it.
Let us state now the final expression for the correlator in (4.12), leaving all the details on
how to extract it from [37,38] for the appendix. As usual when one deals with instantons, the
result is more conveniently expressed in terms of the variables:
qa = e2pii τa = e
− 8pi2
g2a ei ϑa , q = q0 q1 . (4.15)
A contribution from a k-instanton of type a comes with a factor qka. Recalling from the previous
section that a point on the Coulomb branch of the quiver theory is specified by the quotient
of two monic polynomials Tr = T0/T1; in such a vacuum our correlator turns out to be:
2pii
(
γ − γ(0)
)
= β(qa)
∫ ∞
z
dx T
′
r(x)√
Tr(x)2 − α1(qa)2
√
Tr(x)2 − α2(qa)2
, (4.16)
where γ(0) = τ1 and the precise definitions of α1, α2 and β can be found in the appendix.
For the discussion that follows, it is enough to know that these quantities are well-behaved
functions admitting a small qa expansion:
β(qa) = − i√
q1
(
1 + q1 − q0 + 6q + q20 +O
(
q3a
))
,
α1(qa) = 2
√
q0
(
1 + q1 − q0 − 6q + q20 +O
(
q3a
))
,
α2(qa) =
1
2√q1
(
1 + q1 − q0 + 10q + q20 +O
(
q3a
))
.
(4.17)
It is generally more convenient to change integration variables in (4.16) to v = Tr(x),
2pii
(
γ − γ(0)
)
= −β
∫ Tr(z)
1
dv√
(v2 − α21)(v2 − α22)
. (4.18)
The contour of integration in (4.18) and the branch cut structure of the integrand are
represented in figure 2. The contour of integration C(z) must go from v = 1 (corresponding to
z =∞) to v = Tr(z) without crossing any branch cuts, but is otherwise arbitrary. This does
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not fix γ(z) unambiguously: one can choose a contour encircling the branch cut between −α1
and α1 an arbitrary number of times and the value of the integral will depend on this number.
If the contour C′(z) makes one more counter-clockwise circle around the cut than C(z), the
difference in the resulting γ functions is
2pii(γC′ − γC) = −β
∫
C1
dv√
(v2 − α21)(v2 − α22)
= 4pii . (4.19)
This has no physical significance as is obvious from (4.12). From (2.1) we can also see that
such a shift corresponds to a shift of c, or equivalently a 4pi-shift of the ϑ-angle in the field
theory, which is of course not observable. Similarly, the path can encircle the other branch cut
an arbitrary number of times. Since C1 can be continuously deformed into a path going around
the branch cut between α2 and −α2 clockwise, this also corresponds to a non-observable 4pi
shift in the ϑ-angle.
As a quick check of the formula (4.18), we can recover the perturbative result (2.3). What
we have to do is to send qa → 0, keeping only the leading order. Then
β → − i√
q1
,
√
v2 − α21 → v ,
√
v2 − α22 →
i
2√q1 , (4.20)
which gives the trivial integral:
pii
(
γ − γ(0)
)
=
∫ Tr(z)
1
dv
v
= log (Tr(z)) . (4.21)
When we use (3.9), this is precisely the perturbative formula (2.3) we were expecting.
A less trivial check is to send only q0 → 0, but keep q1 arbitrary. This corresponds to
suppressing the dynamics of the type 0 gauge group, which in this limit plays the role of a
global flavor group. Hence the theory one obtains is N = 2 SQCD with 2M flavors5 on the
Coulomb branch. This is exactly the regime considered in [36, 44] and we can compare our
formula (4.18) for γ in this limit with theirs. Setting q0 = 0, the expansions (4.17) truncate to
β(0, q1) = − i√
q1
(1 + q1) , α1(0, q1) = 0, α2(0, q1) =
1
2√q1 (1 + q1) . (4.22)
The integral in (4.18) then reduces to
2pii
(
γ − γ(0)
)
= −β(0, q1)
∫ Tr(z)
1
dv
v
√
v2 − α2(q1, 0)2
= iβ2α2
log
1−
√
1− v2/α22
1 +
√
1− v2/α22
∣∣∣∣∣∣
Tr(z)
1
.
(4.23)
Using (4.22) and some elementary algebra, the lower bound contribution is found to be
− log q1 = −2piiγ(0), hence
2pii γ(z) = log
1−
√
1− Tr(z)2/α22
1 +
√
1− Tr(z)2/α22
 , (4.24)
in perfect agreement with the result of [36,44].
5Recall that γ is completely insensitive to the N regular branes.
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5 Large N limit. The enhançon
The expression (4.18) we wrote for the twisted supergravity field γ (taking (4.12) as its
definition) is completely general, since it has been derived from the field theory in full non-
perturbative glory. In particular, it is valid all along the RG flow for any point on the Coulomb
branch, for any value of the couplings and any integer numbers N,M . Looking at it from
the string theory perspective, it means that (4.18) contains all gs and α′ corrections to the
dynamics of the brane array we are considering. However, for the time being we are only
interested in using a small fraction of this power. We consider small gs and large N,M ,
corresponding to the supergravity regime. For convenience, we assume that the two bare gauge
couplings are equal and that N is proportional to M :
q0 = q1 = e−
pi
gs , N = pM , p ∈ Q . (5.1)
As we discussed in Section 2.3, in this regime a curious phenomenon is taking place, that of
the enhançon. While the field-theoretical mechanism behind it is understood (recall it has
to do with the impossibility of bringing the roots of the Seiberg-Witten curve to the origin
of the moduli space) and its effect in the supergravity background (the need for an excision
procedure below a certain scale) is also well-known, as far as we know there is no fully general
construction in the literature explaining the interplay of these aspects. We hope to fill this
gap here. The idea is to solve the integral (4.18) for different vacua, characterized by different
functions Tr, and analyze their large M limit.
The large M limit corresponds to taking M → ∞ and qa → 0, keeping the ’t Hooft
couplings λa defined by (2.6) fixed, which translates to keeping
q
1
M
a = e−
8pi2(p+1)
λa = e−
pi
gsM fixed . (5.2)
If we furthermore wanted to suppress the α′ corrections and obtain two-derivative gravity we
should take the limit λa →∞ in which (5.2) goes to 1. We will however refrain from taking
this limit, as it eliminates the separation between the scale |z0| at which the theory is Higgsed
and the enhançon scale which, as we will see, is ∼ ql/M1 |z0| for some finite number l that does
not scale with M .
In the large large M limit, α1 → 0 by (4.17), and it seems that we can replace in (4.18)
v2 − α21 by v2. This is not always true, depending on the value of the upper bound Tr(z). If
Tr(z) stays at a finite distance from ±α1 in the large M limit, one can choose an integration
contour C(z) as in figure 2 that stays away from the branch points ±α1 and this approximation
is valid. The computation of γ then reduces to (4.24), where one now has to take the large M
limit. In other words, the large M limit of this model reduces generically (in the sense we just
discussed) to the large M limit of N = 2 SQCD with 2M flavors, a result which was already
anticipated by [12] from the study of the Seiberg-Witten curve, but that we have now shown
directly on the twisted supergravity field. Whether this condition on Tr(z) is satisfied depends
both on the Coulomb branch vacuum encoded by Tr and the specific z considered. If it fails,
one needs to do a more refined analysis, similarly to what was done in [46] for pure N = 2
Yang-Mills theory. For a given vacuum Tr, we will call the points that satisfy the condition
“ordinary points” and “exceptional points” the ones that do not.
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5.1 The enhançon vacuum
Let us first focus on arguably the simplest brane array: the one that corresponds classically to
M fractional branes of type 0 distributed on a circle of radius |z0| and M fractional branes
of type 1 at the origin, where the N regular branes sit too. Of course, as we have already
mentioned, this picture is corrected non-perturbatively, where anyway it does not make sense
to talk about brane positions. The way we characterize the configuration is by:
T0 = zN
(
zM + zM0
)
, T1 = zN+M =⇒ Tr = 1 +
(
z0
z
)M
. (5.3)
Plugging this Tr into the formula for γ (4.18), and using the rescaled variable u = z0z , we can
write
2pii
(
γ − γ(0)
)
= −β
∫ z0
z
0
du M u
M−1√
(uM + 1)2 − α21
√
(uM + 1)2 − α22
, (5.4)
where we should recall that β, α1 and α2 depend on qa. The contour of integration must be
chosen so as not to cross any branch cuts. Let us take for definiteness z0, z, qa ∈ R. Recall
that we want to work with small gs, or equivalently small qa, subject to the condition (5.2).
Given the expansions in (4.17), we see that the branch points are located at
z = z0 |1 + α1|−1/M ωk+ 12 , z = z0 |α2 + 1|−1/M ωk , k = 0 . . .M − 1 ,
z = z0 |1− α1|−1/M ωk+ 12 , z = z0 |α2 − 1|−1/M ωk+ 12 , k = 0 . . .M − 1 ,
(5.5)
with ω = e 2piiM an M -th root of unity. We take the branch cuts to link the branch points
sharing a column in (5.5). These branch cuts are represented in figure 3. The first set of
2M branch points are very close to the classical roots z0ωk+
1
2 . The length of these branch
cuts is approximately 2z0α1M , which, using the identifications (2.6) and (4.15), is seen to be of
order O
(
1
M e
− 4pi2(p+1)
λ
M
)
. Such exponentially small branch cuts in the large M limit can be
associated with sharply localized D-branes. This matches precisely the expectations coming
from supergravity, that is, to find M D3-branes of type 0 at the positions z0wk+
1
2 . The second
set of 2M branch points is quite different. They fill homogeneously a pair of circles of radius
|z0|
(
1
2√q1 ± 1
)− 1
M
≈ |z0| q
1
2M
1 = |z0| e−
pi
2gsM , (5.6)
and the distance between consecutive branch points is of order O
(
1
M
)
. Notice that the scale
above is exactly the enhançon scale (2.7) arising from supergravity considerations. We will
comment more on this below. The length of the branch cuts is now of the same order as the
separation between the cuts and the concept of D3-brane is lost at this scale.
In view of (5.5), we see that we can take the contour with u real in (5.4). This will not
cross any branch cut. For small enough z, this path hits the branch point at |z0| e−
pi
2gsM but
we can always go just below the cut as in figure 3.
Let us now study the large M limit of the integral (5.4). The first step is to identify the
exceptional points. By definition, they coincide with the branch points in the first column
of (5.5) in the large M limit and by consequence, the formula (4.24) does not apply to them.
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Figure 3: The singularity structure in the z plane of the integrand in (5.4) for the enhançon
vacuum with M = 10, √q1 = 0.05. Part of the figure has been enlarged for better visibility.
The black dots are the roots of T0 and T1 corresponding to the classical positions of the
fractional D3-branes. The red (blue) dots are the branch points at the scale ∼ |z0| (at the
enhançon radius) in the first (second) column of (5.5) and the very short red (zigzag blue)
lines are the branch cuts joining them. The integration path going from ∞ to z is real except
near the branch point at the enhançon radius.
Since in the large M limit, the branch points densely fill the ring of radius |z0|, the points
with |z| = |z0| are exceptional. All the points with fixed z, |z| 6= |z0| are then ordinary. A more
general way to construct an exceptional point is to scale its coordinate in the large M limit,
taking z = zb + w/M with zb a branch point in the first column of (5.5) and w fixed in the
large M limit. We will however not pursue this possibility here, since we are interested in the
profile of γ as a function of z and the enhançon mechanism which happens at a scale (5.6),
well separated from |z0| at finite ’t Hooft coupling.
For ordinary points, the formula (4.24) is valid and we have
2pii γ(z) = log
1−
√
1− Tr(z)2/α22
1 +
√
1− Tr(z)2/α22
 , Tr(z) = 1 + (z0
z
)M
,
1
α22
= 4q1 . (5.7)
Since α2 is very large, we can simplify further the expression for γ. But for that, we have to
be careful with the range of z. Let us distinguish three regions:
Region |z| > |z0| : This region corresponds to the UV of the field theory, where we have a
gauge group SU(N +M)× SU(N +M) and we expect conformality. Therefore γ should not
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run. Here |Tr(z)|  |α2|, and we can approximate:√
1− Tr(z)2/α22 ≈ 1−
Tr(z)2
2α22
. (5.8)
Plugging this into (5.7), we obtain for the twisted field
γ = γ(0) − i
pi
log
[
1 +
(
z0
z
)M]
. (5.9)
For large M , we can neglect the second term inside the logarithm, and we obtain the desired
result:
γ = γ(0) = i2gs
. (5.10)
Region |z0| > |z| > ρ1 : This is the region where the approximation |Tr(z)|  |α2| is still
valid. Recall from (5.6) that its boundary is at the scale ρ1 of (2.7), where supergravity was
predicting the enhançon phenomenon. Given that the approximation is the same one used
above, we can follow the reasoning there, to arrive to the expression (5.9). In this case though,
the term we have to neglect inside the logarithm is the first one. This gives
γ = γ(0) + iM
pi
log z
z0
. (5.11)
Again no surprises here. This is the expected result (2.4).
Region |z| < ρ1 : This is the region where the supergravity background ceases to be trustable.
It has been argued in the literature that one must excise the supergravity background, leaving
a constant γ inside. Here we can prove that this is indeed the way the non-perturbative
dynamics of the gauge theory translate onto the string side:
When we use that |z| < ρ1 =⇒ |Tr(z)|  |α2| in this region (recall we are at large M),
equation (5.7) becomes
2pii γ = −ipi . (5.12)
This corresponds to the result we would expect from an excision procedure, where the profile of
γ is frozen in the excised region to a constant value. Notice however that γ inside the enhançon
is not its value at the enhançon radius as is often implied in the supergravity literature, but
its real part jumps discontinuously in the large M limit. This cannot be seen of course in the
supergravity analysis and is a purely stringy effect. The jump of the real part of γ has already
been observed in [18].
Let us recapitulate the lessons learnt in this subsection about the enhançon vacuum. First
of all, the N regular D3-branes just come along for the ride and play absolutely no role. This
just reflects the fact that they do not couple to γ. Second, the roots of the Seiberg-Witten
curve of the microscopic model enter in the game via the defining equation (5.4). The analysis
of the branch cuts allows us to discover that while at the first radius with branch cuts, at the
scale |z0|, there are fractional D3-branes present (the branch cuts are exponentially short); at
the second radius, at the scale ρ1, the branch cuts are longer and the brane interpretation
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no longer holds. Finally, we see that inside this second region of branch cuts, i.e. inside the
enhançon, the profile of the supergravity twisted field is constant. This agrees with the ad
hoc procedure developed in the supergravity literature to cure the repulson singularity of
the background, called excision. Here everything follows from the quantum properties of the
microscopic underlying theory.
5.2 A generic vacuum
A natural question that comes to mind is how the picture we have obtained for the enhançon
vacuum changes when we consider different vacua. The answer is that, morally, nothing
changes. The essential parts of the discussion above apply as well for different (suitable)
choices of Tr. Let us be a bit more precise.
Take generic polynomials T0, T1 as in (3.9); Tr is the quotient T0/T1. If T0 and T1 share
any root, this root factors out of Tr and plays no role. Indeed, that would indicate the presence
of a regular brane, which is invisible to γ. Thus, we suppose that we have M pairs of different
roots, and we let r of the roots of T1 be zero, corresponding in the perturbative picture to r
fractional branes of type 1 sitting at the origin. Let us look at the branch cuts of the integrand
in (4.16). The branch points coming from the first square root solve one of the equations
Tr =
∏M
i=1 (z − z˜i)∏M
j=1 (z − zj)
= ±α1 . (5.13)
Since α1 is very small, for finite z˜i the solutions to this equation are z ∼ z˜k±α1
∏
i6=k(z˜k−z˜i)∏
j
(z−zj) ∼ z˜k.
The branch cuts are exponentially short. The story for the branch cuts coming from the
second square root is different:
Tr =
∏M
i=1 (z − z˜i)∏M
j=1 (z − zj)
= ±α2 . (5.14)
Given that α2 is very big, now we will have M − r branch points of the form z ∼ zl ±
α−12
∏
(z˜k−z˜i)∏
j 6=l(z−zj)
∼ zl, with l 6= z and short branch cuts associated. Regarding the remaining r
branch points, it is easy to see that they will distribute homogeneously on a ring at the scale
|z| ≈
∏M
i=1 |z˜i|
1
r∏M−r
j=1 |zj |
1
r
|4q1| 12r =
(
2∏Mi=1 |z˜i|∏M−r
j=1 |zj |
) 1
r
e
− pi2gs r . (5.15)
This distribution yields “large” branch cuts. In order to have a shell of branch cuts that will
induce an enhançon mechanism, r must be big. Since we are taking gs to be small, we see
that only if r is of order M , the enhançon phenomenon will be noticeable. In other words, as
we already knew, the enhançon is a large N phenomenon.
In the reasoning above, to obtain the formula (5.15) we assumed that the z˜i and the
non-zero zj were finite, meaning that they do not vanish in the qa → 0 limit. But this
condition is actually a bit too restrictive. The approximations z˜k ± α1
∏
i 6=k(z˜k−z˜i)∏
j
(z−zj) ∼ z˜k and
zl±α−12
∏
(z˜k−z˜i)∏
j 6=l(z−zj)
∼ zl (by ∼ we mean up to exponentially suppressed corrections O(e−(sth)M ))
23
still hold if the roots z˜i, zj contain qa factors in particular ways. This is the case of the cascading
vacuum, where we distribute (2K + 1)M fractional branes on 2K shells in order to trigger
the baryonic root transitions at the scales where the perturbative gauge couplings diverge, as
discussed after (2.7). This distribution is characterized by the polynomials
T0 =
(
zM + zM0
)K−1∏
i=0
(
z2M + q
3
2+2iz2M0
)
, T1 = zM
K−1∏
j=0
(
z2M + q
1
2+2jz2M0
)
. (5.16)
It was indeed checked in [12] that for T0, T1 of the form above, the branch cuts associated to
the solutions of z2M = −q 32+2iz2M0 and z2M = −q
1
2+2jz2M0 are exponentially short.
In summary, we characterize a point on the Coulomb branch by two monic polynomials,
T0 with roots z˜i, and T1 with roots zj . We take M of the roots z˜i to be the solutions of
z˜Mi = −zM0 (recall this triggers the running below |z0|), and the rest of the roots to be freely
distributed inside the circle of radius |z0|. When two roots z˜i and zj coincide, this signals the
presence of regular branes, about which we cannot say anything in our approach since they
do not couple to γ. Otherwise, γ(z) has small branch cuts at the positions z˜i, zj 6= 0. They
can be interpreted as fractional branes of type 0 and type 1 respectively. The roots zj = 0
cannot be interpreted as localized fractional branes. When we have a large number r of them,
r ∼ O(M), the enhançon mechanism takes place at the scale (5.15). As can be seen from
(4.24), γ(z) is constant inside the enhançon region (where |Tr(z)|  |α2|), which matches the
supergravity excision procedure. Notice that this general analysis does not include exceptional
points, neither the possibility of having roots that scale arbitrarily with qa. Although our
tools are general enough to analyse these cases, we have not pursued this direction here.
6 Outlook
As we have already emphasized throughout the paper, our main result is the computation,
using field theory techniques (although often phrased in a stringy language), of the exact
profile of the twisted supergravity field (4.16). From the string point of view, this formula
includes all gs and α′ corrections. This allowed us to derive directly from field theory the
enhançon mechanism proposed in the supergravity literature.
Clearly, we have not fully exploited the power of the exact result (4.16). Its validity for any
value of N in particular opens the possibility of studying 1/N corrections. These corrections
are expected to be important for the exceptional points that are very close to the branch
points in the large N limit [46]. We have not delved either into the physical meaning of the
curious “imaginary” jump of γ at the enhançon radius, noted in (5.12). Since such a jump
is not observable in the classical supergravity regime, maybe our techniques could help shed
some light on the nature of this stringy effect. In addition, our results can be generalized in
several directions that we believe merit further investigation. One is the generalization to
more general vacua, which fall outside the regime considered in section 5.2. Among them we
would like to point out the rather mysterious enhançon bearings of [12], where some roots
of the polynomial T0 are put at a radius which sits inside the enhançon. Another possibility
is the extension of our findings to generic ADE orbifold singularities. We expect the field
theory part of the computation to involve the same techniques we have used, albeit with
more complicated integrals to evaluate; the physics should be richer since a more intrincate
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enhançon mechanism is expected with several enhançon radii. Although the supergravity
solutions have been discovered long ago [11], as far as we know, the dual field theories have
not been as explored in the literature as that of their C2/Z2 counterpart.
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A Non-perturbative computation of the correlator
In this appendix we are going to derive the expression (4.16) for the twisted supergravity
field in terms of the two polynomials T0 and T1 specifying the Coulomb branch vacuum. As
explained in the main text, this requires to compute the correlator (4.12). This will be achieved
by exploiting the recent results of [37, 38], generalizing to N = 2 quivers the microscopic
approach to Seiberg-Witten theory [47,48]. We briefly review the main results of this work
and explain in detail how they allow us to derive an explicit expression for the supergravity
twisted field.
The main objects of study are the correlators
ya(z) = exp〈tr log(z − Za)〉 , (A.1)
where the Za, a = 0, 1, are the adjoint fields (normalized to have dimension of length) of the
two gauge groups, taken to be SU(N +M)a. The functions ya(z) are generating functions for
all correlators of the theory on the Coulomb branch as can be seen by Taylor expanding the
logarithm in (A.1)
ya(z) = zN+M exp
[
−
∞∑
k=2
1
kzk
〈trZka 〉
]
. (A.2)
There is no k = 1 term in this expansion because we are dealing with SU(N + M) adjoint
fields. If the Za were ordinary finite dimensional matrices instead of quantum fields, the
Cayley-Hamilton theorem would express trZka for k > N + M in terms of the traces for
k = 2, . . . , N + M . These identities satisfied by the traces would ensure that all terms
containing negative powers of z in the expansion (A.2) actually vanish and that ya is a
polynomial, the characteristic polynomial of the matrix Za. However, this needs not be
the case in a quantum field theory6 as product of operators are not a priori defined but
6We thank F. Ferrari for clarifying this point to us.
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require a choice of regularization scheme. This regularization scheme will in general spoil the
Cayley-Hamilton identities between the traces resulting in non-polynomial ya. In particular,
this is the case for the most natural regularization scheme for instanton computations in N = 2
theories obtained by turning on a non-commutative deformation and the Ω-background. Even
though the ya are not polynomials, the main result of [37, 38] particularized to the case of
the C2/Z2 orbifold is that one can construct two functions of y0 and y1 which are actually
polynomials of degree N +M , T˜0 and T˜1. They read
T˜0(z) =
y0(z)
φ(q) θ3
(
y1(z)2
q1y0(z)2
; q2
)
, (A.3)
T˜1(z) =
(
q1
q0
) 1
4 y0(z)
φ(q) θ2
(
y1(z)2
q1y0(z)2
; q2
)
, (A.4)
where q = q0q1 and qa = e2piiτa are defined by the two holomorphic gauge couplings of the
conformal theory. We can then write down the following expansions of the q-Pochhamer
symbol φ and the Jacobi θ-functions,
φ(q) =
∞∏
k=1
(1− qk) , (A.5)
θ2(t; q) =
∑
n∈Z+ 12
tnq
1
2n
2
, (A.6)
θ3(t; q) =
∑
n∈Z
tnq
1
2n
2
. (A.7)
The polynomials T˜0 and T˜1 are not quite the same as the polynomials T0 and T1 used in the
main text since they are not monic, i.e. the coefficients of the zN+M terms are not 1, but
rather
T˜0,0 =
1
φ(q) θ3
( 1
q1
; q2
)
, (A.8)
T˜1,0 =
(
q1
q0
) 1
4 1
φ(q) θ2
( 1
q1
; q2
)
. (A.9)
Hence, we define the monic polynomials T0 and T1 by
T0(z) =
T˜0(z)
T˜0,0
, T1(z) =
T˜1(z)
T˜1,0
, (A.10)
which coincide with the polynomials used in the main text.
Plugging (A.1) into (4.12), we can express γ as
e2piiγ(z) = q1
y0(z)2
y1(z)2
. (A.11)
The rhs is the inverse of the argument of the θ-functions in (A.3), (A.4) and we thus need
to invert those relations to obtain γ in terms of T˜0 and T˜1. For this, we use the following
properties of the θ-functions, which can easily be derived from the Fourier expansions (A.6)
and (A.7).
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1. The functions θ2(t; q) and θ3(t; q) are elliptic, i.e. holomorphic functions in t associated
to an elliptic curve E with complex structure q = e2piiτ . Defining also t = e2piiu, this
elliptic curve is the complex torus E = C/Λ where Λ is the lattice Λ = {u ∈ C|u =
m+ nτ, (m,n) ∈ Z2}. Holomorphicity of θ2 and θ3 is a consequence of the convergence
of the series (A.6), (A.7) for |q| < 1 or equivalently Im τ > 0.
2. The functions θ2(t; q) and θ3(t; q) enjoy periodicity properties: they are periodic under
u→ u+ 1, being functions of t only, and quasi-periodic under u→ u+ τ or equivalently
t→ tq,
θ2(tq; q) = t−
1
2 q−1 θ2(t; q) , θ3(tq; q) = t−
1
2 q−1 θ3(t; q) . (A.12)
3. The functions θ2(t; q) and θ3(t; q) each have a single simple zero on E ,
θ2(−1; q) = 0 , θ3(−q 12 ; q) = 0 . (A.13)
To invert (A.3) and (A.4), we adopt the same strategy as [37] and define
t2 = y
2
1
q1y20
= e−2piiγ , (A.14)
Tr =
T0
T1
= T˜1,0
T˜0,0
(
q0
q1
) 1
4 θ3(t2; q2)
θ2(t2; q2)
. (A.15)
We can now use the three properties of the θ-functions stated above to derive the following
properties of Tr. By property 1, Tr is a meromorphic function. By property 2, it is well-defined
on E because the coefficients in the periodicity relations (A.12) cancel in the ratio (A.15). By
property 3, it has two simple poles at t = ±i and two simple zeroes at t = ±iq 12 . Finally, it is
an even function of u since it is evaluated for t2. The fact that Tr is an even meromorphic
function on E with prescribed poles and zeroes allows us to rewrite it in a different way. Indeed,
the field of meromorphic functions on an elliptic curve is the field of fractions generated by the
two elements (X(t; q), Y (t; q)) (subject to the relation (A.21) to be discussed shortly), where
X(t; q) = ℘(u; τ) , (A.16)
Y (t; q) = 2piitdXdt (t; q) = ℘
′(u; τ) (A.17)
are the Weierstrass ℘-function and its derivative written in the more convenient (t = e2piiu, q =
e2piiτ ) variables. The function ℘ is an even meromorphic function on E with a double pole at
the origin. This implies that ℘′ is odd, and hence that Tr can be written as a function of ℘
(or equivalently of X) only. To match the poles and zeroes of (A.15), the right combination is
Tr = T∞r
X(t; q)−X0
X(t; q)−X1 , (A.18)
where
X0 = X(iq
1
2 ; q) , X1 = X(i; q) , T∞r =
T˜1,0
T˜0,0
(
q0
q1
) 1
4 θ3(1; q2)
θ2(1; q2)
= θ2(q
−1
1 ; q2)
θ3(q−11 ; q2)
θ3(1; q2)
θ2(1; q2)
,
(A.19)
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which are found by matching the zeroes at t = ±iq 12 , the poles at t = ±i and the value at
t = 1 (which is a pole of X) respectively. We can now solve for X in (A.18),
X[Tr(z)](t; q) =
Tr(z)X1(q)− T∞r (q0, q1)X0(q)
Tr(z)− T∞r (q0, q1)
, (A.20)
where we have spelled out the full parametric dependence of the different quantities involved.
We are now nearing the end of our journey through the land of elliptic functions: the rhs is
now t-independent and all that remains is to invert the relation between t and X to obtain γ
from (A.14).
This can be done by recalling that X and Y satisfy the following polynomial equation:
Y (t; q)2 = 4X(t; q)3 − g2(q)X − g3(q) , (A.21)
which realizes the elliptic curve E as a projective variety inside P2. The function X(t; q) admits
the Fourier expansion
X(t; q) = −4pi2
[
t
(1− t)2 +
1
12 +
∞∑
k=1
k
qk
1− qk (t
k + t−k − 2)
]
, (A.22)
which coincides with the Weierstrass ℘-function by uniqueness.7 The coefficients g2 and g3 are
modular forms of weight 4 and 6 respectively. Their Fourier expansions read
g2(q) = (−4pi2)2
[
1
12 + 20
∞∑
k=1
k3
qk
1− qk
]
, (A.23)
g3(q) = (−4pi2)3
[
− 1216 +
7
3
∞∑
k=1
k5
qk
1− qk
]
. (A.24)
The equation (A.21) can be proven by showing that Y 2 − 4X3 + g2X + g3 is holomorphic and
hence constant, and showing that this constant vanishes.
The equation (A.21) plays a crucial role. By plugging the explicit value (A.20) into (A.21)
and forgetting about the t-dependence of Y , we obtain the Seiberg-Witten curve of this model.
However, we are not interested in the Seiberg-Witten curve itself but in t2. It will be convenient
to rewrite the equation (A.21) in terms of its three roots ei(q):
Y (t; q)2 = 4 [X(t; q)− e1(q)] [X(t; q)− e2(q)] [X(t; q)− e3(q)] , (A.25)
which are at
e1(q) = X(−1; q), e2(q) = X(−q− 12 ; q) , e3(q) = X(q 12 ; q) . (A.26)
Combining the equation (A.25) with the definition (A.17) of Y and the value of X in terms of
Tr (A.18), we can write
dt
t
= −2pii dX[Tr]
Y
= −pii T
′
r(z) dXdTr [Tr]√∏3
i=1 (X[Tr(z)]− ei)
. (A.27)
7It is meromorphic and periodic in u with a double pole at u = 0 of residue one; subtracting this pole gives
a function which vanishes at zero. These properties define the Weierstrass ℘-function uniquely.
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The choice of branch for the square root must be fixed in order to match the perturbative
result in the z → ∞ corresponding to the UV of the theory. The rhs is independent of t,
hence t can be found by integrating this equation on a contour that does not cross any branch
cuts,
log t(z)
t1
= −pii
∫ z
z1
T ′r(x) dXdTr [Tr]√∏3
i=1 (X[Tr(x)]− ei)
. (A.28)
To fix the lower bound, we use the relation (A.14) between t and ya. The large z asymptotics
of ya are ya(z) ∼ zN+M by (A.2), hence we have
t1 = lim
z→∞ t(z) = q
− 12
1 . (A.29)
Using the relation between γ and t (A.14), we finally obtain an explicit expression for γ,
2piiγ(z) = 2piiτ1 − 2pii
∫ ∞
z
T ′r(x) dXdTr [Tr]√∏3
i=1 (X[Tr(x)]− ei)
. (A.30)
The integrand of (A.30) can be massaged a bit in order to obtain a simpler expression.
First, one can evaluate dXdTr from (A.20),
dX
dTr
[Tr] =
T∞r (X0 −X1)
(Tr − T∞r )2
. (A.31)
Plugging this into the integrand of (A.30) and expanding X[Tr] yields
T ′r(x) dXdTr [Tr]√∏3
i=1 (X[Tr(x)]− ei)
= − β2pii
T ′r(x)√∏3
j=0(Tr(x)− Ej)
, (A.32)
where
β = −2pii T
∞
r√∏3
i=1(X1 − ei)
, (A.33)
Ei = T∞r
X0 − ei
X1 − ei for i = 1, 2, 3 , (A.34)
E0 = T∞r . (A.35)
Using identities relating the quantities ℘− ei to the Jacobi θ-functions (see for instance [49]),
one can prove that E0 = −E1 and E2 = −E3. Hence by defining
α1 = E2 = −E3 , α2 = E0 = −E1 , (A.36)
the rhs of (A.32) can then be further simplified to
T ′r(x) dXdTr [Tr]√∏3
i=1 (X[Tr(x)]− ei)
= − β2pii
T ′r(x)√
(Tr(x)2 − α21)(Tr(x)2 − α22)
. (A.37)
This yields the formula (4.16) quoted in the main text by plugging (A.37) back into (A.30).
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